Abstract Lacunarity is a measure often used to quantify the lack of translational invariance present in fractals and multifractal systems. The generalised dimensions, specially the first three, are also often used to describe various aspects of mass distribution in such systems. In this work we establish that the graph (lacunarity curve) depicting the variation of lacunarity with scaling size, is non-linear in multifractal systems. We propose a generalised relation between the Euclidean dimension, the Correlation Dimension and the lacunarity of a system that lacks translational invariance, through the slope of the lacunarity curve. Starting from the basic definitions of these measures and using statistical mechanics, we track the standard algorithmsthe box counting algorithm for the determination of the generalised dimensions, and the gliding box algorithm for lacunarity, to establish this relation. We go on to validate the relation on six systems, three of which are deterministically determined, while three others are real. Our examples span 2-and 3-dimensional systems, and euclidean, monofractal and multifractal geometries. We first determine the lacunarity of these systems using the gliding box algorithm. In each of the six cases studied, the euclidean dimension, the correlation dimension in case of multifractals, and the lacunarity of the system, together, yield a value of the slope S of the lacunarity curve at any length scale. The predicted S value matches the slope as determined from the actual plot of the lacunarity curves at the corresponding length scales.
Introduction
Spatial patterns observed in various branches of natural sciences as in geology, biology and ecology are often complex as they exhibit scale-dependent structures.
When the systems show self-similarity, their structure is described by the fractal dimension D 0 [2] . In reality complex structures exist with subsets of region having different scaling properties and can rarely be described as perfect monofractals. In many cases multifractal analysis provides more information about the space filling properties than the fractal dimension D 0 alone. Moreover there are several systems that have the same fractal dimension but have different texture. Lacunarity is a parameter that quantifies this difference in the texture of materials having the same fractal dimension. It describes the distribution of the sizes of gaps or lacunae surrounding an object within a image. The lacunarity Λ, quantifies the extent to which a fractal fails to be translationally invariant. Its value decreases as the system becomes more homogeneous. While lacunarity can be used to distinguish objects with similar fractal dimensions but whose structure fill the space differently, it can also be used independently as a general tool for describing spatial patterns. The concept of lacunarity has been used by many [3, 4, 5] to describe the micro-structural pattern of systems. Gefen et al. [6] have shown that lacunarity plays an important role in critical phenomena and may be used to classify the universality class.
The lacunarity Λ is a function of ǫ/L, where ǫ is the size of the scaling box and L the system size. The lacunarity curve which plots ln(Λ) against ln(ǫ/L) is in general non-linear. A linear lacunarity curve is obtained only for a system with monofractal scaling. In this paper we show that a multifractal distribution does not in general lead to a linear lacunarity curve and propose a generalised relation between the lacunarity Λ, the suitable generalised dimension D and the euclidean dimension E which will hold true for all systems irrespective of the geometryeuclidean, monofractal or multifractal. We have tested the validity of the relation for 2-dimensional and 3-dimensional systems and found it to hold true.
According to Allain et al. [3] the lacunarity Λ follows a power law with ǫ/L, with exponent (D − E) where D and E are the generalised dimension and the Euclidean dimension of the system. For a monofractal D = D 0 , the fractal dimension, whereas for a multifractal D = D 2 , the correlation dimension. In that case the lacunarity curve would be linear for a mono-fractal as well as a multi-fractal distribution. Our analysis leads to additional terms, not present in Allain's expression for lacunarity, which introduces non-linearity in the lacunarity curve for multi-fractal systems.
We quantify the lacunarity of six systems -one euclidean, one monofractal and four multifractal systems. Of the four multifractal systems studied, one is determined deterministically while the other three are real systems -sedimentary rocks of low and high porosity [7] , and crystal aggregates grown from solution of salt and gelatin [8, 9] .
We have followed the procedure for multifractal analysis as elaborated in standard texts on fractals [10, 11, 12] to determine the generalized dimension of the multifractal systems whose lacunarity we calculated. The details of the procedure and results of the multifractal analysis are to be found in [7, 8, 9] . To determine the lacunarity of the systems studied, we have followed the gliding box algorithm of Allain et al. [3] . In the following section we give a brief outline of the algorithm and the lacunarity analysis of systems having different geometries and dimensions. We formulate the proposed relationship between the lacunarity Λ and the generalised dimension of a system in section(3). The proposed relation is then validated for the different systems we studied.
Lacunarity using the gliding box algorithm
In this method a square box of size ǫ glides over the system and counts the number of pixels m inside the box. Let n(m,ǫ) be the number of boxes of size ǫ and containing mass m. The probability function for such a box is defined as [3, 4] 
The first and second moments of this distribution are given by
The lacunarity at scale ǫ is then defined as
i.e.
The statistical interpretation of lacunarity is better understood by recalling
where < m(ǫ) > and m 2 v (ǫ) are the mean and the variance of mass in each box.
Therefore from eq.(4)
Thus lacunarity is a dimensionless ratio of the variance to the mean value of the mass distribution. From an inspection of eq. (8) it is clear that as the mean Z (1) goes to zero, lacunarity Λ tends to ∞, i.e. sparse sets have higher lacunarity than denser ones. Lacunarity Λ also depends on the box size ǫ. For a system with a highly clustered mass distribution, boxes with larger ǫ will be more translationally invariant than boxes of smaller ǫ, i.e. Z(2) decreases with respect to Z(1). Therefore the same mass distribution will have lower lacunarity as the box size increases.
Relation between generalised dimension and lacunarity
In this section we present our derivation of a relation connecting the lacunarity, generalised dimension and the euclidean dimension of a system. The results are slightly different from the expression obtained by Allain et al. [3] Following the box-counting algorithm, let the whole structure of size L be covered by boxes of size ǫ and the mass of i-th box be m(i, ǫ).
So the total mass is
, where N(ǫ) is the number of boxes required to cover the whole structure.
The total mass distribution raised to power q for a particular box size ǫ is given by,
where q ∈ ℜ.
For different values of ǫ, the slope of the plot I(q, ǫ) vs. ǫ/L in log-log scale is given by,
For a multifractal system, the generalised dimension for any moment q is defined
The generalised dimensions D q for q = 0, q = 1 and q = 2 are known as the Capacity, the Information (Shannon entropy) and Correlation Dimensions respectively [13, 14] . with q = 2, the Correlation dimension is given by
Substituting eq.(9) in eq. (12) we get,
Further, let the number of boxes containing mass m and of size ǫ be B(m, ǫ).
The corresponding probability is,
Using the definition of lacunarity as given by eq.(4) and the above equation, the lacunarity of the structure may be written as,
Substituting eq. (14) we get,
Since the total number of boxes of size ǫ is N(ǫ) = ( L ǫ ) E and it does not depend on mass, eq.(16) may be written as
where E is the Euclidean dimension of the structure and L is the system size.
From eq. (17), it follows that the slope of Λ(ǫ) vs. ǫ/L plot in a log-log plot is given by,
Reorganising eq. (18), To establish the connection between the box counting method used for multifractal analysis and the gliding box algorithm used to determine the lacunarity of the same system, let us examine fig.(1) .
As an example, let us take a square box of size ǫ = 4 to cover the system. reveals that 
mB(m, ǫ). Substituting eq.(12 ) in eq.(19) we get,
If we calculate lacunarity using gliding box algorithm, the number of boxes containing mass m and of size ǫ, B ′ (m, ǫ), is greater than B(m, ǫ), let us say by an amount B(m, ǫ). Also the number total of boxes of size ǫ is N ′ (ǫ), which is greater than N(ǫ).
The slope as obtained from eq.(18) becomes,
Further,
where,
By the similar argument we write:
Substituting eqs.(22 and 23) in eq.(21),
From figure (2) it is evident that if we use gliding box counting method for lacunarity calculation,
The relation given by eq. (25) is understood better by the examination of fig.(2b) for a box size ǫ = 2 and L = 6. On gliding the box along y-direction for a fixed value of x, we need 6-2+1 number of boxes. From fig.(2c) , for a box size ǫ = 3 and L = 6, we need 6-3+1 boxes, and so on.
Therefore substituting eq.(25) in eq.(24) we get,
i.e.,
or,
Equation ( 
Results
We present the lacunarity in six cases, fig.(3 The breaks in slope, indicated in the figure, may be used to identify changes of scale within a multifractal system. The porosity and geometry of the pore structure in sedimentary rocks is of primary importance in studies involving transport of fluid through them [15, 16, 17] . The porosity of the low porosity sedimentary rock (oolitic limestone) was determined and found to be 0.074, while the high porosity sedimentary rock (reefal carbonate) was found to have a porosity of 0.399 [7] . This high contrast in their porosity values is evident from the panels (e) and (f) of fig.(3) . The cross-sections of the rocks were obtained by suitably gray scaling binary files generated from micro-tomographs of sections of these rocks. The details of the procedure are given in [7, 15] . In calcu- Having calculated the lacunarity of the six systems discussed above, we try to validate eq.(27) for each. T ableI gives the euclidean dimension and the first (fractal dimension) and second (correlation dimension) generalised dimension where applicable. The generalised dimensions for the Vicsek multifractal was calculated following the box counting method. The relevant data for the other cases are taken from [7, 8, 10] . Using these values we calculated the slope S for different values of ǫ/L. 
Discussions and Conclusions
Apart from the fractal dimension of monofractals and multifractals, the lacunarity measure is used to describe systems that lack translational invariance. In fact systems that have identical fractal dimension may use lacunarity to distinguish between their different textures. While the box counting method is widely used to determine the fractal dimension, the gliding box algorithm is one of the standard means to determine the lacunarity of systems. It is always interesting and necessary to know the relation if any, between these parameters that are used to describe the microstructure of systems.
In this work we first determine the lacunarity in six systems following the gliding box algorithm. The six systems have different geometry: euclidean, monofractal and multifractal; and while three of these are deterministic, three others are real systems.
For the multifractal systems, the lacunarity curve is found to be non-linear. The generalised dimension of each of these systems have been determined following the box counting method and are known from previous studies. Starting from their definitions and using statistical mechanics, we then establish the relation between the euclidean dimension, the Correlation Dimension and the lacunarity for systems that lack translational invariance . In this manner we establish a bridge between the two standard methods-the box counting algorithm and the gliding box algorithm, through eq.(27) that describes the slope of the log-log graph of lacunarity λ versus the ratio of box size to system size, i.e. ǫ/L.
To validate our claim, we calculate the slope at different points of the log-log plot λ versus ǫ/L and compare with the theoretical value as defined by eq.(27) for each of the six cases we studied. The values match to within 0.01%, thus establishing the proposed relation.
To conclude, we have established: (i) the lacunarity curve for multifractal systems is non-linear (ii) an exact relation between the Correlation dimension, the lacunarity and the embedding euclidean dimension of a system (iii) the proposed relation is a valid for any geometry -euclidean, mono-fractal or multifractal. 
